A guillotine partition of a d-dimensional axis-aligned box B is a recursive partition of B by axis-aligned hyperplane cuts. The size of a guillotine partition is the number of boxes it contains. Two guillotine partitions are box-equivalent if their boxes satisfy compatible order relations with respect to the axes. (In many works, box-equivalent guillotine partitions are considered identical.) In the present work we define cut-equivalence of guillotine partitions, derived in a similar way from order relations of cuts. We prove structural properties related to these kinds of equivalence, and enumerate cut-equivalence classes of d-dimensional guillotine partitions of size n.
Introduction

Basic Definitions
Let B be a d-dimensional axis-aligned box. A guillotine partition of B is either the trivial partition (whose only part is B itself) or a partition obtained by cutting B by a hyperplane which is perpendicular to an axis x i , 1 ≤ i ≤ d, into two sub-boxes whose inner partitions are also guillotine (in a recursive way). The size of a guillotine partition is the number of (unpartitioned) boxes in it. We often denote by B the partition as well as the box. Figure 1 shows two 3-dimensional guillotine partitions of size 6.
Guillotine partitions have been studied intensively due to their important role in geometric algorithms, visualization of scientific data, integrated circuit design, and many more fields. Stockmeyer [9] , Du et al. [5] , Gonzalez and Zheng [7] suggested algorithms for approximating the minimum edge-length guillotine partition in two dimensions. Mitchell [8] and Cardei et al. [4] developed polynomial-time approximation schemes (PTASs) for this problem. Yao et al. [11] were the first to show that the number of combinatorial types (or, in our terms, B-equivalence classes) of planar guillotine partitions of size n+1 is the nth Schröder number. This was generalized to higher-dimensional guillotine partitions by Ackerman et al. [1] ; their representation by so-called "separable multidimensional permutations" was suggested by Asinowski and Mansour [3] . There are plenty more works on computational, optimization, and approximation aspects of guillotine partitions.
Understanding the combinatorial structure of guillotine partitions is, therefore, important not only from the combinatorial point of view, but also for analyzing the efficiency of data structures that hold the partitions, and the running times of algorithms that generate them. In many works, guillotine partitions that have the same recursive structure with respect to their boxes are considered identical. However, another kind of elements in guillotine partitions is their cuts. In some applications, the structure of the cuts is more relevant to the complexity or running-time analysis than the structure of the boxes. For example, suppose that we fix a point set P of size n (being in general position in the sense that no two points of P belong to the same axis-aligned hyperplane) in a d-dimensional box B, and consider guillotine partitions of B such that each point of P belongs to exactly one cut. The combinatorial description of cut-point incidence in this case involves rather cuts than boxes, and the "cut-equivalence" is a natural way to identify guillotine partitions. Alternatively, one can be interested in arrangements of axis-aligned (d−1)-dimensional boxes (e.g., rectangles in the 3-space), such that the natural neighborhood relations between them are important, but the exact orientation (that is, being orthogonal to a specific axis) is not essential and can be chosen according to some additional parameters. If such an arrangement induces a guillotine partition, then our notion of cut-equivalence captures properly its combinatorial structure. In addition, this equivalence allows to define a subclass of guillotine partitions with a simplified structure-without so-called "improper pairs" (see Section 4).
Thus, the goal of this paper is to study systematically these two types of structures. To this aim, we define two kinds of equivalence of d-dimensional guillotine partitions, namely, B-equivalence and C-equivalence, 1 in terms of order relations between boxes and cuts, respectively. We demonstrate that B-equivalence is in fact the "usual" way to identify guillotine partitions, while C-equivalence is a coarser way to do it. We also show how C-equivalence is related to B-equivalence (Propositions 17 and 18), and use this result to obtain an enumeration of C-equivalence classes (Theorem 2). An important issue here is the asymptotic enumeration of cuts. How much do we save if we create all possible C-equivalence classes (or, equivalently, all B-equivalence classes without "improper pairs") instead of B-equivalence classes? We show that for C-equivalence, the asymptotic growth rate is roughly one half of that for B-equivalence.
The intersection of a box B with a hyperplane that splits it into two sub-boxes is a primary cut 1 B stands for boxes, C for cuts.
(for example, c 0 and c 3 in Figure 1 are primary cuts). If either of these boxes is further partitioned, we can speak about its primary cut as well. A cut in a guillotine partition is either a primary cut of the whole box, or (in a recursive manner) a (primary) cut in the partition of one of the sub-boxes. It is assumed that parallel cuts do not intersect, that is, they cannot share a (d − 2)-dimensional "edge." It is easy to see by induction that a guillotine partition B of size n+1 (which will be denoted by |B| = n + 1) has exactly n cuts.
Throughout this paper, the dimension d is assumed fixed, and all the guillotine partitions are assumed to be d-dimensional.
If a nontrivial guillotine partition B has several primary cuts, then they are all perpendicular to the same axis. If the primary cut(s) of a nontrivial guillotine partition B is (are) perpendicular to the x i axis, we say that B is x i -aligned. The parts of B bounded by two consecutive primary cuts, as well as the part below the lowest (with respect to x i ) primary cut, and the part above the highest primary cut, will be called slices and denoted by S 1 , . . . , S k (ordered from bottom to top with respect to x i ). A trivial slice is a slice of size 1. A 2-slice is a slice of size 2. Primary cuts of any slice are not parallel to those of B; that is, any nontrivial slice is aligned differently from B. The guillotine partition in Figure 1 is x-aligned, and it has three slices: S 1 is a z-aligned slice of size 3, S 2 is a trivial slice, and S 3 is a y-aligned 2-slice. The lowest primary cut with respect to x i (where x i is as above) is called the principal cut of B. The sub-boxes obtained by cutting B along the principal cut are denoted by B − (the part of B below the principal cut, that is, the lowest slice) and B + (the part of B above the principal cut). In Figure 1 , the principal cut of B is c 0 , the principal cut of B − is c 1 , and the principal cut of B + is c 3 .
Order Relations in Guillotine Partitions
We define d order relations between boxes and between cuts in d-dimensional guillotine partitions. • Let K and L be two distinct boxes of B. We say that K is below L (equivalently, L is above K) with respect to the axis • Let u and v be two distinct cuts of B. We say that u is below v (equivalently, v is above u) with respect to the axis 
We now define box-equivalence and cut-equivalence (or, for brevity, B-equivalence and C-equivalence) of guillotine partitions. Two such labelings are said to be C-compatible.
The two guillotine partitions in Figure 1 are C-equivalent (C-compatible labelings of cuts are shown) but not B-equivalent.
Main Result: Enumeration of C-Equivalence Classes
Denote by G d,n the number of B-equivalence classes of d-dimensional guillotine partitions of size n+1, and by H d,n the number of C-equivalence classes of d-dimensional guillotine partitions of size n+1. Let G d (t) = n≥0 G d,n t n and H d (t) = n≥0 H d,n t n be the associated generating functions.
Ackerman et al. [1] proved that for n ≥ 1
which implies
In particular, for d = 2, the term G 2 (t) is the generating function of Schröder numbers, and, thus, the number of B-equivalence classes of planar guillotine partitions of size n+1 is the nth Schröder number [10, A006318] .
Asinowski et al. [2] proved (as a special case of a result concerning a more general class of partitions of a rectangle) that H 2,n , the number of C-equivalence classes of planar guillotine partitions, is related to the number of B-equivalence classes by the inclusion-exclusion formula
which can also be written as
Here we generalize this formula to the d-dimensional case.
Theorem 2. The number of C-equivalence classes of d-dimensional guillotine partitions of size n+1 is
or, equivalently,
The paper is organized as follows. In Section 2 we state several lemmas which, in particular, disclose the recursive nature of C-equivalence classes and show how C-equivalence is related to Bequivalence. Then, in Section 3, we use the results from Section 2 for proving Theorem 2. In Section 4 we give an inclusion-exclusion argument which provides a combinatorial interpretation of Eq. (4). Finally, in Section 5 we provide asymptotic approximations of the formulae G d,n and H d,n .
Structural Properties of B-and C-Equivalence
In this section we prove several results about B-and C-equivalence. In particular, they will show how C-equivalence is related to B-equivalence; they will also be useful in the proofs of Theorem 2.
Let ← be a partial order in a finite set X. A series decomposition of X is a partition (X 1 , X 2 ) of X (where X 1 , X 2 = ∅) such that for each α ∈ X 1 , β ∈ X 2 we have α ← β. X is series decomposable if it has a series decomposition. A component of such a decomposition may be further decomposable. A complete series decomposition of X is a partition (X 1 , X 2 , . . . , X k ) of X (where X 1 , X 2 , . . . , X k = ∅) such that for i = 1, 2, . . . , k − 1 we have α ← β for each α ∈ X i , β ∈ X i+1 , and the components X i are not further decomposable. The complete series decomposition of X is uniquely determined. In fact, its components are the connectivity components of the corresponding incomparability relation. We say that a cut is i-universal if it is i-comparable with all other cuts. For example, in both partitions in Figure 1, c 0 , c 3 , and c 4 are x-universal cuts. 
Proof:
1. The if direction follows directly from definitions. For the only if direction, notice that if u is not a primary cut, then it is an inner cut of some slice S m . This slice S m is x j -aligned with j = i. If |S m | > 2, then u is j-comparable with some other cut in S m : indeed, if u is the principal cut of S m , then it is j-universal in S m ; and if u is not the principal cut of S m , then it is j-comparable with the principal cut. 2. Let u ′ and u ′′ be the primary cuts that bound the slice S m from below and from above, respectively. Then, u ′ and u ′′ are easily seen to be the neighbors of u as claimed.
2
Corollary 7. If B is a guillotine partition of size at least 3, and j = i, then it is impossible that B has simultaneously an i-universal cut as well as a j-universal cut.
The next lemma is the C-equivalence counterpart of Lemma 5.
2 The word neighbor is used in the usual set-theoretical sense. We now show that the usual way to identify guillotine partitions that have the same recursive structure with respect to boxes, coincides with our notion of B-equivalence. Next, we study the recursive structure of C-equivalence. Note that any two trivial partitions are C-equivalent, and any two guillotine partitions of size 2 are C-equivalent. Therefore, we state the results for guillotine partitions of size at least 3.
We start with some definitions. A block is either a trivial partition or a nontrivial guillotine partition in which the order ← i is linear for some i, 1 ≤ i ≤ d. If B is such a block of size at least 3, then it is x i -aligned; see Figure 2 . A guillotine partition B is a block if and only if each slice of B is either trivial or a 2-slice.
A block in a guillotine partition B is a set of boxes of B whose union is a box which, with its inner partition, is a block. It is easy to see that the blocks in B are ordered by inclusion and that each box in B belongs to exactly one maximal block (which can be trivial).
A semiblock is a guillotine partition B which is not a block, but for some i, 1 ≤ i ≤ d, there is a (unique) minimum element with respect to the order ← i . In such a case B is of size at least 3 and it is x i -aligned. Two examples of (3-dimensional x-aligned) semiblocks is shown in Figure 3 . Proof: Since u is i-universal, it is, by Observation 6, either a primary cut or the inner cut of a 2-slice. Assume for contradiction that u is the inner cut of a 2-slice S m . If S m is the highest slice of B, then B is a block-a contradiction. Otherwise, the cut u ′′ that bounds S m from above is also i-universal together with all cuts below it-a contradiction to the maximality of u.
2
The cut u as in Lemma 10 will be called the special cut of a semiblock B. The part of B below the special cut is a block, and the special cut is the highest primary cut with this property. In Figure 3 special cuts are indicated by arrows. Denote byḂ (resp.,B) the part of B below (resp., above) the special cut.
Lemma 11. Let B be a semiblock, and let D be a guillotine partition of the same size. Then B and D are C-equivalent if and only if -B and D are aligned with respect to the same axis; -Ḃ is C-equivalent toḊ; and -B is C-equivalent toD.
In particular, a partition which is C-equivalent to a semiblock, is itself a semiblock.
Proof: The if direction is easily seen by induction.
Assume now that B and D are C-equivalent with C-compatible labelings of cuts, u 1 , . . . , u n and v 1 , . . . , v n . By Lemma 8, B and D are aligned with respect to the same axis: assume that they are x i -aligned. Since B has a minimum element with respect to ← i , the same is true for D, and, therefore, D is also a semiblock. In addition, it follows from Lemma 10 that in the C-compatible labeling of cuts, the special cut of B corresponds to the special cut of D. It follows that the cuts ofḂ correspond to the cuts ofḊ: u p is inḂ if and only if v p is inḊ. Moreover, any two cuts inḂ, u p and u q , satisfy the same order relation as v p and v q inḊ. Therefore,Ḃ is C-equivalent toḊ. Similarly,B is C-equivalent toD.
A guillotine partition which is neither a block nor a semiblock will be called regular. It is easy to see that a partition B is regular if and only if |B − | > 2 (which, in particular, implies |B| > 3). Proof: By Observation 6, u is either a primary cut or the inner cut of a 2-slice. Assume that u is the inner cut of a 2-slice S m . If S m is the lowest slice of B, then u is the minimum element in ← i , which is a contradiction to B being regular. If S m is another 2-slice, then the cut u ′ that bounds S m from below is also i-universal, a contradiction to the minimality of u. Thus, u is a primary cut. Since, in particular, it is the lowest primary cut, it is the principal cut of B. In particular, a guillotine partition which is C-equivalent to a regular guillotine partition, is also regular.
Proof:
The if direction is easily seen by induction.
Conversely, assume that B and D are C-equivalent, with C-compatible labelings of cuts, u 1 , . . . , u n and v 1 , . . . , v n . Assume that B and D are x i -aligned. Since B has no minimum element with respect to ← i , the same is true for D, and, therefore, D is also regular. Moreover, it follows from Observation 12 that in the C-compatible labeling of cuts, the principal cut of B corresponds to the principal cut of D. Hence, the cuts of B − correspond to the cuts of D − and the cuts of B + correspond to the cuts of D + , which yields the claim. 2
Next, we mention two facts concerning guillotine partitions with a "small" lowest slice. Proof: Assume that B is x i -aligned, and let u be the principal cut of B. Let v be the inner cut of B − . Then v is perpendicular to x j for some j = i. Replace v by a cut w perpendicular to x i . This gives a new guillotine partition D which is clearly C-equivalent to B. Furthermore, w is the principal cut of D; therefore,
The next two claims show how C-equivalence is related to B-equivalence. Assume that B and D are semiblocks. Then, by Lemma 11,Ḃ is C-equivalent toḊ, andB is C-equivalent toD. In particular,Ḃ andḊ are C-equivalent blocks. By induction,B is B-equivalent to a guillotine partition that can be obtained fromD by replacing some blocks by C-equivalent blocks. Thus, the claim holds for B and D.
If B and D are regular, then the claim follows in a similar way by an inductive argument applied to both parts (B + vs. D + , and B − vs. D − ). 2 Figure 1 illustrates Proposition 17. Indeed, these two guillotine partitions are C-equivalent. The right partition can be obtained from the left one by replacing the lowest (with respect to x-axis) slice, which is a z-aligned block of size 3, by a C-equivalent block; replacing the two "upper" slices, which constitute together an x-aligned block of size 3, by a C-equivalent block; and, if needed, applying a B-equivalence. These flips can be also easily seen in Figure 1 .
Proof of Theorem 2
In this section we obtain a recursive formula for H n which implies Theorem 2.
Since we assume d to be fixed and in order to simplify notation, we shall write
First, H 0 = H 1 = 1. Let n ≥ 2. By Lemma 8, two C-equivalent guillotine partitions must be aligned with respect to the same axis. Therefore, by symmetry, H n = dH (1) n , where H (1) n is the number of C-equivalence classes of x 1 -aligned guillotine partitions of size n+1.
By Lemmas 13 and 14, a guillotine partition B for which |B − | > 2 is C-equivalent only to guillotine partitions D for which |D − | = |B − |. By Observation 15, a guillotine partition B for which |B − | = 2 is C-equivalent to a guillotine partition D for which |D − | = 1. In turn, such D is C-equivalent only to partitions E with |E − | = 1 or 2. Consequently,
where H
n,k is the number of classes containing x 1 -aligned guillotine partitions of size n+1 with k cuts below the principal cut.
By Lemmas 13 and 14, these classes are in one-to-one correspondence with ordered pairs (C 1 , C 2 ) of classes of respective size k + 1 and n − k, where C 1 (if it is nontrivial) is not x 1 -aligned. By Lemma 8, the number of choices for C 1 is then
This yields, for n ≥ 2,
so that
As mentioned above, Ackerman et al. [1] proved that the generating function for the number of B-equivalence classes of d-dimensional guillotine partitions is
Substituting t → t(1 − (d − 1)t) and comparing this with Eq. (6), we obtain
Expanding this expression, we obtain that H n may be expressed in terms of G n :
Combinatorial Interpretation
In this section we provide a combinatorial interpretation of Theorem 2, which can serve as an alternative proof of the theorem. A similar idea was used in [2] which deals with the 2-dimensional case, but with more general class of floorplans.
Let B be a d-dimensional guillotine partition of size n+1. Recall that two boxes of B, K ℓ and K m , form a pair if their union is also a box. Thus, if we replace K ℓ and K m by their union K, a guillotine partition B ′ of size n is obtained.
A pair {K ℓ , K m } in B is said to be improper if either
• it is properly contained in a differently aligned maximal block; or
The block in Figure 2 has two improper pairs, {K 2 , K 3 } and {K 7 , K 8 }. In a block of size at least 3, improper pairs are precisely 2-slices. Therefore, we have the following.
Observation 19. A block of size at least 3 has no improper pair if and only if all of its cuts are parallel (or, equivalently, all of its slices are trivial).
Let B and D be two B-equivalent guillotine partitions with B-compatible labelings of boxes By Proposition 16, each C-equivalence class is a union of B-equivalence classes. By Proposition 17, we can apply a sequence of flips without changing the C-equivalence class. In this way, exactly one B-equivalence class of guillotine partitions without improper pairs can be obtained: for an improper pair (that is, a 2-slice) in a (maximal) block of size at least 3, we flip it so that the cut that separates the members of the pair will be perpendicular to the same axis as the principal cut of the block; for a pair that forms a maximal block of size 2, we simply make a flip that converts it into an x 1 -aligned pair. Thus, every C-equivalence class C includes precisely one B-equivalence class whose members are guillotine partitions without improper pairs. Therefore, the number of C-equivalence classes of guillotine partitions of size n+1 is equal to the number of B-equivalence classes of guillotine partitions of size n+1 without improper pairs.
Denote by G i n the number of B-equivalence classes of guillotine partitions of size n+1 with i marked improper pairs. More precisely, the objects that we count here are pairs (B, I), where B is a B-equivalence class of guillotine partitions of size n+1, and I is a subset of size i of the set of improper pairs of a representative of B. (Clearly, B contributes to this number only if any of its representatives has at least i improper pairs.) Then we have, by the inclusion-exclusion principle,
Let B be a guillotine partition with i marked improper pairs. Contract every improper pair into a single box: this gives a partition B ′ of size n+1−i, with i marked boxes. Conversely, let B ′ be a partition of size n+1−i with i marked boxes. Construct a guillotine partition B of size n+1 by splitting the marked boxes into pairs. For each marked box, there is one way to choose the direction of its inner cut so that it will become a proper pair, and d−1 ways so that it will become an improper pair.
This construction implies that the number of B-equivalence classes of d-dimensional guillotine partitions of size n+1 having i marked improper pairs is G 
Asymptotics
The generating function G(t) can be written as G(t) = The singularity analysis process (see [6] ) then applies and gives
when n → ∞ (d is fixed). This was also obtained in [1] .
Similarly, the singularity analysis process for H(t) gives 
Conclusion
In this paper we showed the inclusion-exclusion relation between the formulae enumerating cutequivalence and box-equivalence classes of guillotine partitions in any dimension. We provided exact formulae and analyzed their asymptotic behavior.
